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Ambiguity in running spectral index with an extra light field during inflation
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At the beginning of inflation there could be extra dynamical scalar fields that will soon disappear
(become static) before the end of inflation. In the light of multi-field inflation, those extra degrees
of freedom may alter the time-dependence of the original spectrum of the curvature perturbation.
It is possible to remove such fields introducing extra number of e-foldings prior to Ne ∼ 60, however
such extra e-foldings may make the trans-Planckian problem worse due to the Lyth bound. We show
that such extra scalar fields can change the running of the spectral index to give correction of ±0.01
without adding significant contribution to the spectral index. The corrections to the spectral index
(and the amplitude) could be important in considering global behavior of the corrected spectrum,
although they can be neglected in the estimation of the spectrum and its spectral index at the pivot
scale. The ambiguity in the running of the spectral index, which could be due to such fields, can be
used to nullify tension between BICEP2 and Planck experiments.
PACS numbers: 98.80Cq
I. INTRODUCTION
The running of the spectral index has sometimes been
used to discriminate inflationary models. Recent discov-
ery of B-mode polarization by the BICEP2 collabora-
tion [1] would be an important signal of primordial in-
flation, since it would indicate the existence of quantum
gravitational radiation, which is a generic prediction of
inflationary cosmological models [2, 3].1 Although the
tensor perturbation is very powerful in discriminating
inflationary models, the BICEP2 result is in some ten-
sion with previous experiments such as WMAP [5] and
Planck [6], which claimed upper limits on r (tensor to
scalar ratio). To resolve the tension, BICEP2 collabo-
ration suggested [1] that the scalar spectral index could
run fast. However, the signature of the required run-
ning αs = −0.022 ± 0.010 (68%CL) [1] is negative and
its absolute value is very large compared with previous
expectation.2 In this paper we show that the constraints
from the running spectral index could be nullified by in-
troducing an extra free scalar field. Multifield models of
inflation may allow inflationary trajectory that is sensi-
tive to the initial condition. Recently, it was pointed out
that some multifield models make predictions for the in-
flationary observables that do not depend strongly on the
specific initial condition [8, 9]. On the other hand, obser-
vational data could be used to constrain the initial field
configuration if the model has sensitivity to the initial
condition. Recent numerical calculation [9] clearly shows
1 See also Ref. [4], which shows (in contrast to Ref. [1]) that joint
BICEP2 + Planck analysis could favor solutions without gravity
waves.
2 See also recent studies [7]
that such sensitivity can generate significant running in
double quadratic inflation.3 Our result might indicate
that the running spectral index could be a free param-
eter that may not be taken too much seriously in this
setup.
II. RUNNING SPECTRAL INDEX WITH A
FREE SCALAR FIELD
A. A toy model: Extra component ρ˙χ/ρχ =const.
We consider a model in which the curvature pertur-
bation is sourced by the inflaton φ. The additional free
scalar field is χ, which is dynamical at the beginning of
inflation and may contribute to the adiabatic curvature
perturbation at that moment.
In this section we introduce extra field χ, which will
soon disappear because of ρ˙χ = −6Hρχ < 0. Note that
this toy model has ρ¨χ > 0, whose contributeion to the
running is usually ∆αs > 0. Therefore, although the
model is simple and very useful for the intuitive argu-
ment, the model is not suitable for generating negative
running.
The curvature perturbation at the horizon exit is cal-
culated as
ζ = −H
δρ
ρ˙
3 In this paper we investigate a possibility of shifting αs without
changing significantly the other cosmological predictions. Al-
though Fig.3 of Ref.[9] is illuminating, it might be showing that
the model could not give αs ∼ −0.01 without shifting ns.
2= −H
δρφ + δρχ
ρ˙φ + ρ˙χ
≡ rφζφ + (1− rφ)ζχ, (1)
where ρi and Pi are the density and the pressure of the
component labeled by i. For the inflaton φ, they are
defined as
ρφ ≡
1
2
(
φ˙
)2
+ V (φ)
Pφ ≡
1
2
(
φ˙
)2
− V (φ). (2)
Here ρ ≡ ρφ + ρχ is defined for the total energy density.
We used component perturbation ζi and the ratio rφ,
which are defined by
ζi ≡ −H
δρi
ρ˙i
,
rφ ≡
ρ˙φ
ρ˙φ + ρ˙χ
. (3)
If χ has a flat potential V (χ) = 0 and initial velocity
vχ0 6= 0, it will have a decaying velocity χ˙(t) = v0e
−3Ht
and could have a negligible perturbation δρχ. The energy
density of χ obeys ρ˙χ = −3H(1 + w)ρχ (w = 1). For
our calculation we define a ratio between densities: f ≡
ρχ/ρφ, for which inflationary expansion requires f ≪ 1.
One might argue that ζφ is not conserved after horizon
exit, since the equation of motion does depend on ρχ via
the Hubble parameterH2 = ρ3M2p
=
ρφ+ρχ
3M2p
. The equation
of motion is
φ¨+ 3Hφ˙+ V,φ = 0, (4)
where the subscript with comma means derivatives with
respect to the field. Conservation of ζφ is expected when
Pφ is practically a unique function of ρφ [10]. In our
scenario, Pφ might not be an exact unique function of
ρφ, however for f ≪ 1, one can expect that both Pφ and
ρφ are practically unique functions of φ(t). Barring small
correction from f ≪ 1, the curvature perturbation after
inflation will be ζ ≃ ζφ [11], which has the spectrum
Pζ =
(
H
φ˙
)2(
H
2π
)2
=
1
8π2M2p
H2
ǫφ
, (5)
where the slow-roll parameter is defined by
ǫφ ≡
M2p
2
(
V,φ
ρ
)2
. (6)
Here, ζφ is defined at the horizon exit. For later calcula-
tion we also define
ηφ ≡
V,φφ
3H2
. (7)
We are assuming that the energy density ρχ of the ad-
ditional field is a negligible fraction of the total energy
density during inflation. Although ρχ is a small fraction
of the total energy density, |ρ˙χ| ∼ |ρ˙φ| is possible when
φ is slow-rolling. (If we make an assumption that our
mechanism does not change the original ns − 1, we need
to consider |ρ˙χ| <∼ |ρ˙φ|. In that case, contribution to αs
will be maximum when |ρ˙χ| ∼ |ρ˙φ|. We are not fine-
tuning the quantities to obtain |ρ˙χ| ∼ |ρ˙φ|, since we have
little difficulty with obtaining the required αs.) More-
over, one can easily imagine that |ρ¨χ| ≫ |ρ¨φ| could be
possible even if f ≪ 1. Our idea is based on that simple
speculation.
Since we are introducing a free scalar field χ, ǫH is
splitted into two parts:
ǫH ≡ −
H˙
H2
= −
ρ˙φ
6H3M2p
−
ρ˙χ
6H3M2p
≡ ǫφ + ǫHχ. (8)
Introducing R ≡ ρχ/3H
2M2p , we find
ǫHχ =
3(1 + w)
2
R. (9)
Here ǫHχ should be discriminated from ǫχ, which will be
used in later calculation. ǫHχ is identical to ǫχ only when
χ¨ is negligible. Then, using d ln k = Hdt, we find for the
slow-rolling inflaton:
1
d ln k
ǫφ = 4ǫφǫH − 2ηφǫφ. (10)
In the first term, ǫH appears instead of ǫφ, since our
definition of ǫφ uses ρ instead of V . For our calculation
we also evaluate
1
d ln k
ǫHχ =
3(1 + w)
2H
R˙
=
3(1 + w)
2H
[
R
ρ˙χ
ρχ
− 2R
H˙
H
]
= −3(1 + w)ǫHχ + 2ǫHχǫH . (11)
The spectral index of the curvature perturbation is
ns − 1 ≡
d lnPζ
d ln k
= −6ǫH + 2ηφ. (12)
Since ǫH = ǫφ + ǫHχ, the shift caused by the additional
field χ is
∆(ns − 1) = −6ǫHχ. (13)
Since we are considering a conservative scenario in which
additional field χ does not change the original index, we
3need 6ǫHχ ≪ 0.04. We also have
1
d ln k
ηφ =
1
Hdt
[
V,φφ
3H2
]
=
1
H
(
V,φφφφ˙
3H2
)
+ 2
(
V,φφ
3H2
)(
−
H˙
H2
)
= −
(
V,φφφV,φ
9H4
)
+ 2
(
V,φφ
3H2
)(
−
H˙
H2
)
= −ξφ + 2ηφǫH , (14)
where we defined
ξφ ≡
V,φV,φφφ
9H4
. (15)
Then, the running of the spectral index is
αs ≡
dns
d ln k
= −6 [4ǫφǫH − 2ηφǫφ]
+2 [2ηφǫH − ξφ]
−6 [−3(1 + w)ǫHχ + 2ǫHχǫH ]
≃ [−24ǫφǫH + 16ηφǫφ − 2ξφ]
+4ηφǫHχ + 18(1 + w)ǫHχ − 12ǫHχǫH , (16)
where we can see correction ∆αs ∼ 18(1 + w)ǫHχ <∼
0.12(1 + w), but the sign of this term is positive. We
will see that the correction can be negative when χ is
moving on a hilltop potential.
For our scenario, we are considering an inflationary
model in which final ζ is determined by φ, but an ex-
tra component may change scale dependence of the spec-
trum. Multi-field models of inflation have been studied
by many authors [12–14]. From those studies one can
see that an additional field, which could be dynamical at
the horizon exit but will soon stop or slow down, may
not change final ζ at least at the first order. The usual
calculation uses adiabatic and entropy perturbations in-
stead of component perturbations, and considers conver-
sion between them. Although in this paper we will con-
sider calculation that is usually considered for the curva-
ton mechanism [11], one will reach the same result using
the calculation considered in Ref.[12–14]. A similar idea
has been studied when there is no extra field but there is
a deviation from the slow-roll velocity [15–20]. In those
studies it has been found that the curvature perturba-
tion could not be affected by such additional degrees of
freedom if they are disappearing during inflation. Also
in Ref. [21–23], it has been pointed out that such field
might shift the spectral index and its running. Viewing
those studies, we think that the idea of changing the scale
dependence of the curvature perturbation using an addi-
tional dynamical field could have been known partly, al-
though we could not find explicit calculation that can be
used for solving the tension between BICEP2 and other
experiments.
B. slow-roll χ
In the above calculation we considered an additional
component that obeys ρ˙χ = −3H(1 + w)ρχ. Let us see
what happens if χ is a moderately slow-rolling field (but
it will soon reach its minimum or will soon be negligible).
Using conventional slow-roll parameters for both φ and
χ, we find the spectral index
ns − 1 = −6ǫH + 2ηφ, (17)
where ǫH ≡ ǫφ + ǫχ. Here we define ǫχ ≡
M2p
2
V,χ
ρ
, which
is equivalent to ǫHχ when χ¨ is negligible. The running of
the spectral index is
αs = −6 [4ǫφǫH − 2ηφǫφ]
+2 [2ηφǫH − ξφ]
−6 [4ǫχǫH − 2ηχǫχ]
≃ [−24ǫφǫH + 16ηφǫφ − 2ξφ]
+4ηφǫχ − 24ǫχǫH + 12ηχǫχ, (18)
where the major correction appears in |12ηχǫχ|. If we
assume |∆(ns−1)| = 6ǫχ < |ns−1|, we will have |∆αs| <
|2ηχ(ns− 1)| ∼ 0.08|ηχ|. Since ηχ does not appear in the
spectral index, there is no bound for |ηχ|. Therefore, one
can take |ηχ| as large as 0.125, which gives correction as
large as |∆αs| ∼ 0.01. Since we are considering an extra
dynamical field that will soon disappear, ηχ ∼ 0.125 is a
conceivable choice for the model. Since ηχ < 0 is possible
for a hilltop potential, one will be able to find a correction
∆αs ∼ −0.01.
C. fast-roll χ
Alternatively, one can consider a hilltop potential
V (χ) = − 12m
2
χχ
2 for a fast-rolling field χ and will
find [24]
χ(t) = χ(t0)e
Kt, (19)
where
K ≡
3
2
H
[
1−
√
1−
4
9
(
m2χ
H2
)]
. (20)
Conventional fast-rolling condition is “ǫχ ≪ 1 but |ηχ| ∼
O(1)”. Then the slow-roll parameter can be replaced as
ǫHχ = −
ρ˙χ
6H3M2p
=
(−K3 +Km2χ)χ
2
6H3M2p
=
(
−
K2
m2χ
+ 1
)
K
H
R, (21)
4where contribution from the kinetic term has not been
neglected since χ¨ could not be negligible for the fast-
rolling field. Then we find
1
d ln k
ǫHχ = −
ρ¨χ
6H4M2p
+ 3ǫHχǫH
=
2K
H
ǫHχ + 3ǫHχǫH . (22)
The spectral index is
ns − 1 = −6ǫφ + 2ηφ − 6ǫHχ, (23)
which gives 6ǫHχ < 0.04 for our scenario. The running
of the spectral index is
αs = −6[4ǫφǫH − 2ηφǫφ] + 2[2ǫHηφ − ξφ]
−6
[
2K
H
ǫHχ + 3ǫHχǫH
]
= [−24ǫφǫH + 16ηφǫφ − 2ξφ] + 4ǫHχηφ
−6
[
2K
H
ǫHχ + 3ǫHχǫH
]
. (24)
The correction appears in −12ǫHχK/H , where ∆αs is
negative for the hilltop potential. If one takes K/H ∼ 1
(fast-roll), one will find ∆αs ∼ −0.01 for ǫHχ ∼ 8×10
−4.
D. The Curvaton
For the conventional curvaton mechanism, one will
find [25]
αs ≃ 2
H¨
H3
− 4ǫ2H + 4ǫHησ − 2ξσ, (25)
where σ is the curvaton. If we introduce an extra light
field χ, significant correction may appear from the first
term, which gives for a fast-rolling χ:
2
H¨
H3
=
ρ¨χ
3H4M2p
+ ...
∼ 2
(
1−
K2
m2χ
)
K2
H2
R. (26)
Therefore, one can easily find similar correction in various
other models including the curvaton.
E. A model
In this section we show a specific scenario in which αs
can be shifted by an additional field χ. At the beginning
of inflation, the additional field has a hilltop potential
V (χ) = −
1
2
m2χχ
2, (27)
and χ will soon reach the minimum at χ0. Here we as-
sume χ0 ∼ Mp. The duration is bounded by e
K∆t =
χend
χini
<
Mp
H
≃ 2.4 × 104 [1], where χini > δχ ≃ H/2π
and χend < χ0 ∼ Mp has been considered. We find
∆N <∼ 10 ×
(
H
K
)
. The additional field χ must reach its
minimum before the end of inflation.
For a moderately slow-rolling χ, ǫχ is determined by
mχ and H . Then |∆(ns − 1)| < 0.04 gives for the
quadratic potential:
6ǫχ = 6×
M2p
2
(
−m2χχ
ρ
)2
∗
= 6×
(
−m2χ
3H2
)
∗
(
− 12m
2
χχ
2
ρ
)
∗
= 6ηχR∗ < 0.04. (28)
Here the quantities with star is defined when the per-
turbation leaves horizon. We consider ηχ ∼ 0.6 and
|R∗| ∼ 0.01 on the scale where significant αs could be
observed. The condition |R∗| ∼ 0.01 is conceivable since
it is required at the very early stage of inflation. Then,
we can estimate the correction as
|∆αs| ≃ |12ǫχηχ| = |12η
2
χR| ∼ 0.04. (29)
In the same way, the running of αs will be shifted by
a similar order, which is consistent with Planck experi-
ment.4
On the other hand, one might suspect that higher run-
nings may ovecome the correction coming form αs. The
expansion will be [26]
Pζ(k) = Pζ(k0) exp
[
(ns − 1) ln
(
k
k0
)
+
αs
2
ln2
(
k
k0
)
+
βs
3!
ln3
(
k
k0
)
+ ...
]
= Pζ(k0)
(
k
k0
)(ns−1)+αs2 ln( kk0 )+ βs3! ln 2( kk0 )+...
.(30)
Note that there will be no problem in the expansion if one
takes ln(k/k0) = ln(0.05/0.0027) ≃ 2.92 and βs < αs,
where βs is the running of αs. Our model suggests that
αs and βs could be a similar order. However, normally
βs does not exceed αs, and the higher runnings does not
spoil the scenario of nullifying the tension between BI-
CEP2 and the Planck experiments.
We are anticipating that there could be some signifi-
cant sign of new physics in the higher runnings, however
at this moment higher runnings are not so much con-
strained. Such a large running (and a running of run-
ning) will be checked by the future B-mode polarization
and the 21cm line observations. [26]. One may use this
to distinguish the source of the scale dependence if a sig-
nature might be observed in future experiments.
4 See Fig.3 of Ref. [6].
5III. CONCLUSION AND DISCUSSION
Normally in single-field inflation models, we have only
one scalar field that is responsible for both the infla-
tionary expansion and the production of the curvature
perturbation. In reality, however, there could be many
other scalar fields besides the inflaton field, which could
be dynamical at least at the beginning of the inflationary
stage. Although the non-inflaton components may disap-
pear (or becomes static) before the end of inflation, those
additional fields could change the scale dependence of the
spectrum. If one wants to remove those extra fields be-
fore the onset of Ne ∼ 60 inflation, one can assume extra
e-foldings prior to Ne ∼ 60, so that such fast-rolling (or
modestly fast-rolling) fields are already negligible from
the beginning. In that case, remaining fields will not
have significant contribution to αs. On the other hand,
in the light of BICEP2 and the Lyth bound, such extra
e-foldings would require more excursion of the inflaton
field, which could be a problem if one takes the trans-
Planckian problem seriously. We thus expect that such
extra dynamical degrees of freedom can exist naturally
in modern inflationary scenarios. As long as we know,
the idea has not been discussed yet to solve the tension
between BICEP2 and other experiments.
In this paper we considered a free scalar field and cal-
culated its contribution to ns and αs. We assumed con-
servatively that spectral index is not much altered by the
additional field. Using a simple model, we showed that
O(0.01) ambiguity can be found in the running spectral
index if an extra field could be dynamical when the per-
turbation leaves horizon. In the same way, the running of
αs can be shifted by a similar order, which could be used
to distinguish the source of the scale dependence. At the
same time, the scale-dependence of the tensor mode could
be affected, which has already been discussed in Ref.[27–
29]. In our scenario, we find r ∼ 16ǫφ, which does not
include ǫχ. This means that r is not affected by ǫχ 6= 0.
Similarly, the running of r is determined by ǫ˙φ, which
does not introduce significant running at the first order.
Significant running may appear from the next order of the
running.5 On the other hand, in our model dnt
d ln k ∝ ǫ˙H
can be large. Since the scale-dependence of the tensor
power spectrum is signicant in our case, while such a scale
dependence is usually not assumed, there could be con-
cern that it might bias the estimation of parameters like r
and αs from the WMAP/Planck data. Those quantities
could be negligible at the end, but the resolution of the
tension between BICEP2 and the WMAP/Planck could
be affected. In that sense we need further investigation to
obtain more accurate estimation of the parameters when
the tensor mode is running.6
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